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^ Abstract 

We have revealed from a numerical study that the Hall plateaus are retained in the optical Hall conductivity cr n ,(a>) in the ac (~ THz) 
regime in both of the ordinary two-dimensional electron gas and graphene in the quantum Hall regime, although the plateau height 
in ac deviates from integer multiples of e 2 /h. The effect remains unexpectedly robust against a significant strength of disorder, 
which we attribute to an effect of localization. We predict the ac Hall plateaus are observable through the Faraday rotation with 
the rotation angle characterized by the fine-structure constant a. In this paper we clarify the relationship between plateau structures 
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1. Introduction 

While the quantum Hall effect (QHE) enjoys a long history 
over almost three decades, QHE physics still harbors avenues 
that have not been fully explored. Here we wish to bring to light 
that the optical Hall effect is indeed a new avenue, which does 
harbor an unexpected plateau structures. One motivation for 
the study is that recent experimental spectroscopy in the THz 
regime are becoming so advanced that optical measurements 
(e.g., Faraday rotation in magnetic fields) begin to be feasible 
for QHE systems in the THz regime .|Q1 01 Theoretically, we 
pose here a fundamental question of how QHE, a topological 
phenomenon (3|,|4j], evolves into the optical Hall conductivity, 
especially in the THz (~ cyclotron energy) regime. 

Another motivation is the recent emergence of physics of 
graphene with its "massless Dirac particle", whose anomalous 
QHE has been experimentally observedlS @]. For graphene 
QHE system, optical properties begin to be studies, among 
which are experimental transmission spectra[7], or theoretical 
examination of the cyclotron emission! 8]. One interest about 
graphene is the n — Landau level (LL) in graphene QHE, 
which should be unusual since the level consists of a mixture 
of electrons and holes around the Dirac point. Special features 
of n = LL are intensively discussed, including its robustness 
against long-ranged random magnetic fields or corrugations of 
graphene.figEKlGl 

Motivated by these, we have theoretically calculated the op- 
tical Hall conductivity o- xy ((L>) in the quantum Hall regime with 
the Kubo formula for both the ordinary 2DEG and graphene. 
The effect of long-ranged potential disorder is taken into ac- 
count with the exact diagonalization method to incorporate the 
effects of localization due to disorders, since the ac conductiv- 
ity, even for 2DEG, has only been dealed with a phenomenolog- 
ical (Drude) formalism 1 1311 or with Maxwell's equations] 14]. 
We shall unravel from the numerical study the following: (i) 
The plateaus in o- xy (a>) in the optical (THz) region, although 



not quantized, are unexpectedly robust against disorder up to a 
significant degree of disorder. We attribute the unexpected ro- 
bustness to an effect of localization, (ii) For graphene, the op- 
tical Hall plateaus are again retained in the THz regime, while 
the cyclotron resonance structure reflects the graphene Landau 
levels that are not uniformly spaced due to the 'massless Dirac' 
band, (iii) Experimentally the step structure in cr XJ ,(w) should 
be measured as steps in the Faraday rotation, for which we can 
estimate ®h — a 7 mrad, which is well within the experimen- 
tal resolution J2l and may be called the fine-structure constant 
a seen as a rotation, while a has been visualized from transmis- 
sion in lfl5ll . In this paper we present the details of our calcula- 
tion and clarify the relationship between plateau structures and 
the disorder strength by extensive numerical calculation, which 
has not been done in our related work fl6ll . 



2. Optical Hall conductivity in 2DEG 

Let us first look at the optical Hall conductivity in the QHE 
in 2DEG as realized in GaAs/AlGaAs with a Hamiltonian, 
Hq = ^(p + eA) 2 . To include the effect of disorder, we em- 
ploy the exact diagonalization method for disorder described by 
randomly placed scatterers with a potential 



V(r) = ^M,exp(- 



R 



\ 2 /2d 2 )/(2nd 2 ), 



where d is the range of the potential, while the strength of the 
potential, each placed at R ; , is assumed to take Uj = +u with 
random signs so that the density of states broadens symmetri- 
cally in energy. We adopt d = 0J{, which is comparable to 
the magnetic length i = yfh/eB. The degree of disorder can be 
characterized by T = 2u[tii mp /2n({ 2 + d 2 )] 1 ^ 2 , which is a mea- 



sure of the Landau level broadening ||12[ |8[] with «j mp being the 
density of impurities. 
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We have diagonalized the Hamiltonian + V by repre- 
senting V with the basis of the free Hamiltonian Hq, xj/^ = 



-1/2 



exp 



(■ 



-f-ky 



x-fik, 



where H n is 



h n n\ \[n(\ 

the Hermite polynomial and L the system size. 

To calculate the optical conductivity in the QHE system we 
use the Kubo formula, 

o- a p(co) = ^ J" ds^ [lv{j a lmG{s)ii J {G + {e + hco) - G + (e))) 

-Tr (j a (G~(e) - G~(e - ttu)))j p lmG(e))] , 

(1) 

where a,/3 = x,y, /(e) the Fermi distribution, and G ± = G(e + 
id) with a positive infinitesimal 5. At T - which we assume 
here, the formula is reduced to 



<r v {a>) = ^YjYj 



1 



e„<£ F e b >E F 

•ab :ba 
J x Jy 



•ab -ba 

Jy J x 



(2) 



where e a is the eigenenergy, and Sf the Fermi energy. The cur- 
rent matrix elements, j~, are calculated through the current ma- 
trices between the free Landau levels, 



= iy/ha> c /2m*(y/n6„-irf - V/i + ld n+ i^j , 

jf = V^ c /2m*(^„-i,„' + ^+ld n+ i >n ), (3) 

where n,n' are the Landau indices and (±> c the cyclotron fre- 
quency. Here we have retained 7 Landau levels in the ba- 
sis, which is sufficient in the energy range considered here for 
L — 15£. For the ensemble average we have taken 5000 random 
configurations for the impurity potential. 

Figure Q] shows the results for 2DEG. We plot cr vy on an 
(u),sf) plane, where the a> = cross section corresponds to 
the familiar static Hall conductivity, which is quantized into 
ne 2 /h. We immediately notice two features: (i) cr iv (w) for a 
fixed value of Sf exhibits a resonance structure around the cy- 
clotron frequency (as observed in the experiment |l|]). (ii) Away 
from the resonance, if we look cr AV (o;) for a fixed frequency, a 
step-like structure is preserved as a function of the Fermi energy 
Sf. Although the step heights are not quantized exactly, the 
flatness is surprisingly retained as seen in FigQ] (iii) The den- 
sity of states (DOS) shown in FigQ]broadens with the disorder 
strength, where the levels having smaller Landau indices tend 
to be destroyed faster. By contrast, ac as well as static Hall con- 
ductivity ct„,(ef) in FigQ]are blurred with F much more slowly 
and the Hall step structure remains. As compared with the 
self-consistent Born approximation lfl7ll . with which the broad- 
ening of DOS and the width of the plateau-to-plateau transi- 
tion are solely determined by F, the present exact diagonaliza- 
tion approach includes the localization effect and the associated 
plateau structure in cr X3 ,(e F ). 

The step structure is in fact a quantum effect (outside the 
Drude picture). In the dc QHE, the localization is the cause of 
the plateaus in the Aoki-Ando picture! 18]. in me ac QHE, the 
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Figure 1: Exact diagonalization results for the optical Hall conductivity 
Cjcy(sF,0}) (left panels), the optical Hall conductivity <t„,(ef ,cj = 0Aw c ) as 
compared with the static one, and the density of states (bottom right) for the 
usual QHE system in the presence of long-range impurities with the impurity 
strength T/ftu> c =0.2(a), 0.7(b). 



Kubo formula, eqn(l), contains a>, and does not simply reduce 
to a topological expression. In this sense the result for the robust 
plateaus is quite nontrivial. 

The physical insight for the unexpectedly robust ac Hall step 
structure is that the main contribution to the optical Hall con- 
ductivity comes from the extended states whose existence en- 
sures the robust step structure in the ac Hall conductivity. To 
be more precise, the magnitude of the current matrix elements 
in eqn© is much larger for the extended states than for local- 
ized states, so that the optical Hall conductivity is dominated by 
the transitions between the extended states which reside around 
the center of each Landau level, while the localized states give 
rise to the step structure. Namely, if we consider that the cur- 
rent matrices are significant only between extended states in the 
Landau levels just below and above sf [19], we can collect the 
contributions from the extended states with the energy denomi- 
nator, efc-Sfl, replaced with h<±> c in eqn© to reduce the equation 
to 



1 



v . -a,b -b,a 



£ n <Ef<E b 

to, 



(Hcj c ) 2 



(4) 



•a,b -b,a 
' Jy J x 



U)r + U> 



Then o- xy (a>) should exhibit a step structure every time sf tra- 
verses the energy region for the extended states with the fre- 
quency dependence close to u) 2 c l{tol - to 2 ) resonance structure. 
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3. Optical Hall conductivity in graphene 

We now turn to the optical Hall conductivity in graphene. 
Here we again adopt the exact diagonalization method for the 
disorder potential introduced by randomly placed scatterers. 
When the range of the random potential is much larger than 
the lattice constant in graphene, the scattering between K and 
K' points in the Brillouin zone is suppressed, so that we can 
assume the random term takes a diagonal form in the Dirac 
Hamiltonian as 



H + V = v P 
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V(r). (5) 



So we adopt the Dirac model as in Refs. j20[ 0] to obtain 
wave functions and conductivity in the presence of disorder. 
After diagonalizing the Hamiltonian Ho + V by retaining 9 
Landau levels with the system size L = \5(, we have ob- 
tained eigenstates in the presence of disorder in the same man- 
ner as in the 2DEG QHE system. Then we have calculated 
o~xy(sF, w) with the Kubo formula eqn(f2]i with the current ma- 
trix for graphenelElll8ll: 

Vf 

fn,n> = Y C " C "' [ S S n ( n )^l«]-l.l«'l + S g n ("')£|«|+l,|«'|] . 
Vf 

fn,n' = i-^C„C n ' [sgn(n)(5|„|_i,|„'| - sgn(n')<J|«|+i,|«'|] (6) 

with C„ - l(n = 0) or 1/ V2 (otherwise), which has a selection 
rule, \n\ <-> \n + 1|, peculiar to graphene. 

In the result, Figf2] we notice several features distinct from 
the result for the ordinary QHE system (FigJTJ: 

(i) The optical Hall conductivity cr n .(sf,u>) exhibits a 
more complex structure, which reflects the Landau levels, 
sgn(n) -\f\n\fia) c with to c = Vp ^2eB/n\ that are not uniformly 
spaced for the massless Dirac dispersion. Thus a series of reso- 
nances appear around many allowed transitions, \n\ - \n'\ — ±1. 

(ii) Away from these resonances, we again observe that step- 
like structures remain in the optical Hall conductivity, as clearly 
seen in Figf2] Due to the electron-hole symmetry, <x vv (s F , u>) is 
odd in Sf throughout, so the step structure is symmetric as well. 

When we more precisely look at the result, DOS in Figf2] 
broadens with the disorder strength, where the nonuniform level 
spacing causes n + Landau levels merge faster than n — 
Landau level does, and a trace of n — Landau level is visible 
even for F = Q.lfito c . In the static Hall conductivity cr vy (e F ) 
, n + Hall steps are smeared out as soon as Landau levels 
are merged, while the n — Landau level robustly remains in 
all the cases studied, which tells us that the extended states in 
the n — Landau level is robust while those in n + Landau 
levels are not. This confirms the specialty of the n — Lan- 
dau level. In the optical Hall conductivity o- xy (sf, to), larger-n 
Hall steps are destroyed around smaller values of to because of 
denser cyclotron resonances \n\ <-> \n+ 1|. 

Especially, the n — step remains not only for Y = Q.2Ha> c 
(FiglUa)) but also for T = Q.5tico c (Figf2Ib)), which is a sig- 
nificant disorder as seen in the merged DOS. The step is visible 
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Figure 2: Exact diagonalization results for the optical Hall conductivity 
o".w( e F> w ) e ft panels), the static and optical Hall conductivities, and the den- 
sity of states (bottom right) for the graphene QHE system in the presence of 
long-range impurities with the impurity strength r/Sw c =0.2(o), 0.5(i). 



until the cyclotron resonance at to = oj c is approached, although 
Hall plateaus are somewhat blurred in the ac region. In the static 
Hall conductivity cr vv (w = 0), n + Hall steps are smeared as 
soon as Landau levels are merged while the step associated with 
n — Landau level is relatively robust, which indicates that the 
extended states in n — Landau level is unusually robust. IT ] 
The present ac result indicates that the step in <T xy (sF, to) asso- 
ciated with n — Landau level exhibits robustness against dis- 
order in the ac regime as well, which we take to be the effect of 
localization, while the plateau-to-plateau transition is related to 
the persistent delocalized states which, for n — 0, cannot float 
due to the electron-hole symmetry. 



4. Faraday rotation 

Finally let us mention the experimental feasibility. We pro- 
pose that the ac Hall steps should be observable through accu- 
rate Faraday-rotation measurements in the THz to far-infrared 
spectroscopy. The Faraday-rotation angle &h is directly con- 
nected to the optical Hall conductivity via 



®h = 



1 



t + (to) 



— arg , 

2 S \f-(«) 



n + n s + {cr xx + /cr AV )/(ce ) 



(no + n 5 )ce 



n + n s + (<r xx - io- xy )/(ce ) 
o- xy (oj), 



(7) 



where t ± is the transmission coefficients for circularly polarized 
light, c is the velocity of the light, no(n s ) is the refractive index 
of air (substrate), and we have assumed «o + n s » cr ± /{cso) 
on the last line. In the QHE regime, the Faraday rotation 
angle is proportional to cr xy (oj), so that the step structure in 
<Txy((jj) should be observed as jumps in Faraday-rotation mea- 
surements. We can estimate the size of the jumps A0# by 
putting cr xy ~ e 2 /h (when a> is well below the resonance), so 
that 

1 e 2 2 

A&h ~ -, : ; a ~ 7 mrad, (8) 

(«o + n s )cso h no + n s 

where a = e 2 /(2eo/ic) is the fine-structure constant. So the 
steps in the Faraday-rotation angle should be of the order of 
the fine structure constant. Recently Shimano et al. have 
achieved an experimental resolution of ~ 1 mrad [2], so that the 
present effect is well within the experimental feasibility. Nair et 
al. lfl5ll have seen the fine-structure constant from visual trans- 
parency of graphene, and the present proposal amounts to the 
fine-structure constant seen from a rotation. 

To summarize, we have revealed that the optical Hall conduc- 
tivity in both the usual 2DEG QHE and graphene QHE systems 
has plateau structures that persist even in ac regimes for sig- 
nificant strengths of disorder. We wish to thank Ryo Shimano, 
Yohei Ikebe, Seigo Tarucha, Takeo Kato and Takashi Oka for 
illuminating discussions. TM was supported by Grant-in-Aid 
for the Japan Society for Promotion of Science (JSPS) Research 
Fellows. This work has been supported in part by Grants-in-Aid 
for Scientific Research, No.20340098 (YH, HA), 20654034 
(YH) from JSPS and Nos.220029004, 20046002 (YH) from 
MEXT. 
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